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INTRODUCTION

It has been a significant development in the computational theory of cubic
splines that all such splines on uniform meshes can be generated in a very
simple manner from a special cubic segment {1, 2, 3]. It seems clear that it
should be possible to extend this result to general polynomial splines (cf.
Ref. [4]) and this is indeed the case. For polynomial splines of degree 2n + 1
on uniform meshes, there are precisely n special polynomial segments on
[0, 1] of degree 21 4 1 which serve to generate all such splines.

These results are derived from the consideration of a simple and familiar
eigenvalue problem. The resulting structure sheds new light upon the intrinsic
nature of splines, and considerably more of the relationship between poly-
nomial splines and the Hille polynomials now becomes apparent. For the
most part the results are unexpectedly simple.

A FUNDAMENTAL EIGENVALUE PROBLEM FOR POLYNOMIALS

We consider a polynomial p(6) of degree m with p(0) = p(1) = 0. Such
a polynomial is determined by the values of its first m — 1 deratives at
6 = 0, namely, by

po = {p'(0), p"(0),..., p~(O)}.
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Let 7 be the transformation taking p, into
p1 = {p'(1), p"(D),..., pm—1(1)}:
1= Tp,.

If we require pi0) = p,(1) =0 and p{¥(0) = §,, (Kronecker delta;
j=1l.,m—1;k = 1,.,m— 1), p,(6) a polynomial of degree m, then

p(0) = p'(0) p1(8) + p"(0) po(0) + -+ + p"~1(0) prus(6),

so that
p/(1) p() o ppa(D)
T — Plfl) P2:(1) pm—:l(l) ) (1)
) pP) e PP
Note that
pi6) = (6" — 8™)jj!
so that

PP = 1(j — k) — mPyjt, k<,
= —m®j1, k>, #))
where m® = m(m — 1) --- (m — k + 1).

The eigenvalues and eigenvectors of T are of particular interest. To express
these, we introduce here the spline characteristic polynomials [5, 6] 8;(}):

81()‘) =1,

&) =1+4,

84N = 1+ 41+ 2

8A) =1 + 11X + 1122 + )3,

85(N) = 1 + 26 + 6672 + 26X° + X4,

We have as a recursive relation [Ref. 5] for these polynomials
8m = mASm—l + (1 - A)(/\S?n—l)’
=[m—DA+1]8, 1+ 21— 8. 3)

We note [7, p. 47] that 8,,(A) = P, (A)/A, where P,(2) is the Hille polynomial
defined by

(d/dlog My 1/(1 — X) = P, ()/(1 — )™+ @)
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The zeros of 8,,(A) are real, negative, and distinct [5]. —1 is a zero iff m is
even. Zeros distinct from —1 occur in reciprocal pairs.
We obtain the following fundamental result:

THEOREM 1. The eigenvalues of the matrix T are the zeros A, , A, ..., A,
of 8,.(N). The eigenvectors are (j = 1,2,....m — 1):

8'm—l()‘j)
~(m — 1)1 — X)) 8_5(A))
(m — DP (1 — A 8,_5() . )]

(— 1Y% (m — 1)™2 (1 — A)™28,(\)

Proof. We form the scalar product of the k-th row of the matrix T with
the vector (5), obtaining

) - 8ua@) ~ P (D — DY (1= 1) 8 s(X)
+ o (=DM (Dm — DT (1= ).

In view of (2), we need to show that

® (%)
D Buah) = 21— D= 1) Bcal)
o P G 1 (= A, )
(k — 1)! 7 m—k+1\"Yg
)
= ] ln — D% (- 28,00
.ee m~1 ! (’n)(k)
B G ey s T e 1]

X (m — 1)(7"—2) (1 —2)" 2 8,(2)
= M(—1* (m — DFY (1 — L 8,0 6)

For this purpose we derive several basic properties of the spline characteris-
tic polynomials. We set

2 = d/dlog A
and use (4) to obtain directly
D 28, (N/(1 — N+ = A8, 1(N)/(1 — A)™+2. O]

By means of this, the following identity is established:
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Lemma 1.

8n@) = (]) 8ma® — () (1 = 1) sV

+ + (_l)m—z (nl "i 1) (1 o /\)m—z 81(/\) + (__ l)m—l (1 . A)m—l‘

(3
Proof. We proceed by induction. The identity (8) is clearly valid for

m = 1. If we assume its validity for m, we obtain (A = 1) the relation
A5,,(A) (m) 1 A8, () (m) 1 Ab_o(A)
@ —am1 T\ 1 —2A (1= )" 2/ 1= (1 —)m?
e m 1 A8,(A)
o+ =D 2(;7H1.)1—,\(1—A)2
A
__[ym-1
Applying the operator 2 now gives by (7) (8,(A) = 1):
A8fm+1()0

By el A8
a— “];(j)( RS ey Wi ey

y A Mo L A
FT—= 2 (1 —mmt T 1T =X (1T — xmiee |’

Rearranging and dividing by A/(1 — A)™+2, we have

s o vl v ymy A om o)
i) = 8 + T (=1 (1= 00 () 7=y = (1)
+ (=Dt X1 — A= §y().

In the right-hand member, add and subtract the left- and right-hand members
of (8), the inductive assumption, obtaining

m-1
8D = (m + 1) 8,() + ¥ (=1Y1 (1 — A &, ,(A)
j=1

1) =7 )= () rsd e coma-ar sy

Inasmuch as the term in braces is equal to ("}'), the induction proof is
complete.

We require also the following identity which is a consequence of the
preceding lemma:
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LEMMA 2.
8 = [ (" 7)) Bma® — ("5 1) 0 = V8
() A= D28+ (=1 = N2 ). 9)

Proof. By Lemma 1, the difference between the left- and right-hand
members of (9) is

(T) 8na® — (3) (1 = 2 80a® + (3) (1 = 22 80
— e e () A= D) (D — A
S CSa | LRURS R IR

+("3 1) (= 2 8 g@) + -+ + (=12 (1 — A 51("’%

= (=2 aa® = ("5 1) (= D 8ah
ot (=1 (T (1= )+ (— Dt (1 — Ayt

which is zero.
The validity of (6) now follows directly: The left-hand member of (6) is
equal to

(m = D& W) 80ah) — (5) (1 = 1) 8ns)
Fo kDT ) A= A 80 + (D — Ay
+ (=D (m = D*P (1 — Ay
% $80s) — (" T ) (1 = 1) i)

R o et ML [ R PLE SR YoP

+ (=1 (= Ay,

640/6/4-7*
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The first term in braces is equal to §,,(A;} which is equal to zero. The second
term in braces becomes

m— k

A8ns) + (1= A) [8ns) — (7 ) BuiaWy

Rl PGP IR USST ¥oP

+ (_l)m—k (1 _ Aj)m—k—l]’

where the bracketed term vanishes by Lemma 1. This completes the proof of
Theorem 1. Inasmuch as the eigenvalues are distinct and nonzero, the eigen-
vectors given are independent.

We renumber these eigenvalues A; in decreasing order:

Apcy < Ap_g << A <0,
When m = 2n 4+ 1 is odd,
/\j *Apngrs = L.

We wish to note in passing the work of Schoenberg [8] where this eigen-
value problem is considered from another point of view.

THE CARDINAL SPLINES Cj(6)

The j-th eigenvector of (1) determines a spline of degree m on [0, oc) in the
following sense. Specify the polynomial 5;(8) by
5;(0) = s(1) = 0,
sP0) = (=) m — D"V A = 1) 18, ,0), p=1,2.,m—1L

We restrict this polynomial to [0, 1] and define the spline C«(8) on [0, «) by

Ci(6) € C™10, o),
Ci(6) = si0), 0<0<1,
G+ 1= )t,-C,-(@).
For | A;| < 1,Ci(6)— 0 as § —~ 0. For m = 2n + 1, there are n such

splines damped to the right, and » splines increasing in amplitude to the
right.
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We normalize s;(0) to have s;/(0) = 1 and modify the C;(8) accordingly.
Thus we use instead

— 1 Sm—z(/\j)

s(6) = 6 — (1 — ) NSO
e (—ayme (";__m__l_);:‘!_z) (1 — a2 821_(1’}")1_) om-1 4 o 6m/m
=)o - () a—wg=gse
+o = " ) a = 8:1_(1)21'\)5) bm-l+ a6 (10)

Since 5;(1) = 0 and 6,,(A;) = 0, Lemma 1 gives
a; = (=11 (1 — )8, 4(\) an

[By (3) it is seen that 3,,_,(4;) # 0, for 8,,_;(A) cannot have a multiple zero.]
Let us define

= —¥N+1N), j=12.,n (12)

and for even and odd k express §,();) as follows:

825(Ny) = AP 8o,(1/A)) = (1 4 X)) A7,y (r)), (13)
32p+1(’\j) = A?pszpﬂ(l/)‘j) = )\j”v,,(r i) (14

Moreover,
Sm—i(1 — 0) = —(1/4;) 540), (15)

for both sides have their first m — 1 derivatives multiplied by A; as 8 goes

from O to 1, have equal first derivatives at § = 0, and hence take on the

unique set of first (;m — 1) derivative values at 8 = 0 associated with A, in (5).
From (15) and the definition of C;(f) we have

Cr_i(1 — 0) = —(1/A;) C«(0), (16)
or, alternatively,

Cm-j(g) = _C,.((}), (17)
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THE CARDINAL SPLINE A(6)

We restrict our attention henceforth to the case of odd m, m = 2n + 1.
The spline A(8) is of degree 2n + 1, with knots at the integer points, and

A(f) e C?(— 00, ), {I)n_)xg A(9) = 0,

AQ0) =1, A(k) = 0 (k, 1, £2,..), A(—8) = A(H).

We require a polynomial segment ¢(f) on [0, 1] with odd-order derivatives
through the (22 — 1)st vanishing at & = 0 and for which ¢(0) = 1, ¢(1) = 0:

g) =14 (@, — 1)+ (a, — ay) 6* + -~ + (a, — a,—y) 07" — a, 0"+
(18)

We must choose @, , a, ,..., a, and obtain a suitable linear combination
b1Cy(6) 4 byCx(0) + -+ + b,Cp(0), (19

so that (18) and (19) have their first 2n derivatives equal at § = 1. Then (19)
gives A(6) on [1, o0).
Now

g(0) — (1 — g)ents

vanishes at 0 and 1, has the same first 2» derivatives at # = 1 as ¢(6), and so it
coincides on [0, 1] with (19).

Thus we choose b, , b, ,..., b, so as to give zero for ¢g®(0), p = 1, 3,...,
2n — 1 and the quantities a; need not be determined:

by+ 4 by = 20+ )Y,

by@i)2n — 1) é%"-g;% a1 — A

+ -+ b,20)(2n — 1) -S—g'i(z-%‘)l([ — A2 =(2n+ 1)<3),
2n\"'n, (20)

(2n-2) 8 ()‘1) 2n—2
b,(2m)""" m(l — )

+ vee + bn(zn)(21l—2) gs:((AAn)) (l _ A")27L—2 — (2” + 1)(21’1—1).
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Divide the k-th equation by (2n)2*—2, subtract the k-th from the (k 4 I)st,
and obtain

i bj = Zn + l,
j=1
- Ban_a(A)(1 —A)? .
Zlb" [m&n(&) — 1] —0, 1)

&y [BdA( — AP — SN — APty
jg]_ bj [ j 321&("1‘) ] =0

By (13) we have

— X, )en—2k .
82,6(&)212 (A-/)\]) - ;‘kjgf’ A2 — 2 + Ayt

— {(_N\n— . n—k uk—l(r.‘i)
A i o

so that

Spr(A)(1 — A2 Bansa(A)(1 — Aj)2n-2r-2 _ _walry)
827:()‘5) 827&()‘1') un—l(r J‘) ’

where w,(r) is a polynomial of degree n — 2 in r. Set

¥i = bifun(r;).

Reverse the order of Egs. (21). The first n — 1 equations are now

Y yw(r) =0  (k=1,2,..,n—1).

j=1
Thus
wy(rg) e owy(ry)
VityeittiVa=| :
wn—l(r 2) e wn—l(rn)
ng" ) W1(" a) Wl(." n)
Was(r) Wasre) = Way(ra)
wy(ry) wi(rs) o wi(rey)
T : :
Wpa(r) Way(re) = Wua(ray)
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If we write
Wi(r) = Wy, nof ™2 - = 4= Wil + Wi s
then
1 e 1
wilrs) o owy(ry) Wie 7 Win-2 .
: : = : "2 I'n
Wn—l(rZ) wn—l(rn) Wno,0 °7° Waoin—e n-z . n—2
r2 rn
= W:- V(r,..., ry), €tc., (22)

where W is the first determinant on the right in (22) and V(r, ..., r,) is the
Vandermonde determinant in the quantities r, ,..., r,, , etc. Thus

(—1)2y; = K+ V(Py ooy Fi_1 5 Figa »--» Fu), K @ constant,
and
bf =K- un-—l(ri)(_l)j_l V(rl seees Fjm1 5 Figt 5eees rﬂ)'

Substitution into the first of Egs. (20) gives (» = 1):

Una(r) = Up_y(rn)
1 1
K=Q@Qn+1)=+ n Fn
,.1"'—2 a2

= @n+ 1)+ (=D V(s 1)),

since the polynomial u,_,(r) is monic. This gives

b; = 2n + 1)_1___1;2"_—1@____ = Q@Qn+1) Up1(r;)

=i (r; — 1) v (ry) -~

We now have

A(o) =(1— 0)2"+1 + (2n + 1) i _I_—IT::—’-‘E_:'(:’-—)_";)_S]-(B), 0< 0 < 1,
J=1 AN

i u'n—l(r')
_ b Unalr) g 1<p<O<p+1,
@1+ D YA ey P b P
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or, alternatively,

AB) = (1 — 81+ Y bCH), 0<60<LI,
j=1

= Z bjCj(B), 1 < 0.
=1

For the cubic, b, = 3 and

A(6) = (1 — 6)* + 3C,(0).

THE CARDINAL SPLINE Ay(0)

The periodic cardinal spline A,(6) is of degree 2n + 1, has knots at the in-
teger points, and satisfies

An) e C*(—o0, ),  An(B+ N) = An(0),
(23)

An(—6) = An(), AN0) =1, Axn(k)=20 k=12,.,N—-1.
On [0, 1], write

An(0) = (1 — 0"+ + [a;5,(6) + *+* + ans4(6)]
+ an+1)‘nNSn+l(9) 4+ 027»)‘le27£(6);

forl <p<O0<p+1<N—1I,
ANO) = [a 70 — p) 4 -+ + ap\osa(0 — p)]
+ [3ns220 250020 — P) + - + Gd (0 — P, (24)
for N—1 <0 <N,

Anl) = (6 — N + 1nt
+ [al)\iv—lsl(g —N+1D)+ -+ aMﬁZ"‘sn(@ — N+ 1)]
+ [a'n+1>‘nsn+1(0 —N -+ 1) + e a2n)\132n(0 — N + 1)] (24”)
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The conditions (23a) require that
AP0) = APWN)  (p=1,2,.,2n). (25)
These requirements are met for even p, in view of (15), if we set
ba‘ = b2n+1—)‘ .
For p odd, conditions (25) become, upon setting
Bi=(1—-AMb;,

identical with Egs. (20). Hence for j = 1, 2,..., n,

2n 41 un—l(r.'l)
b, = . . 26
! 1 — 2N TTaws(ri —ry) (26)

The representation (24), because of (15), now becomes

Au(0) = (1 — 6" 1 ¥ bls0) + A 51 — B), 0<O<1,
j=1

=Y bATs(0 — p) + A sip + 1 — B)],
=1

1

//\\

p<O<p+1<N-—1, (27)

— (0= N4 D" £ Y B0 — N4 1)+ (N — )],

=1

N—-1<8<N.

SPLINES OF INTERPOLATION-—PERIODIC

Let us consider now the uniform mesh 4 : xy < x; < = < Xp, Xppy =
x, + h(k = 0, 1,..., N — 1). The periodic spline of interpolation, S,(x),
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of degree 2n + 1 satisfying S,(x;) = fulk = 0, 1,..., N) is now simply

Sax) = glkaN (x _h xk)-

From (27) it is seen that on [x,,x,,,],0 < p << N — 1, this becomes

¢ =Gx—x)h '

A Y BIS(E + AW s(1 — 8]

J=1

bt foa 3 B + X R (1 — 9]

i=1

i b:i[sj(f) + Af"lsj(l — f)] + (1 — £)2n+1§

j=1

+/5

Sy B Y BN + 51~ O

+ fore i B[ %58 + Asi(1 — 6]

R ol I i b[A"s1(€) + A} Ps(1 — &)1

Set
05,0 = bifA? + -+ foai + fo s (28)
Tin = bify + fords + - + SN
Thus
50 = bifo» %0 = AiGip1 + bify s

(29)
i8N =bifn, Tip = Ai”i.m—l + bifp s

and on [x,, x,,,],

S0 = 3 {5/Ol05 01X + ay,5(0 — W]

+ 8551 — O} 2 + 75,01 — AM]
+ (l - 5)2n+1fp + §2n+yp+1 . (30)
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Once the quantities ¢; , and 7, , are constructed, S,(x) is determined by
the values of s;(§), s;(1 — &)(J = 1,..., ), in the interval 0 < £ < 1. Reduc-
tion to the cubic case yields anew earlier results [1, Eq. (29)].

SPLINES OF INTERPOLATION—NON PERIODIC

Here, in addition to specifying S (x,) = f, (p = 0, 1,..., N), there are to
be prescribed » end conditions at x; and at x, . We restrict our attention to
two types of such end conditions:

Type I. SPx) =2  (=0,N;p=12,..,n).
Type ll. SPx) =f% (G =0,N;p=n—+1,.,2n).

For our purpose it is required to construct bases of Type I and Type II for
nonperiodic splines on the uniform mesh 0, 1,..., N. For Type [ we require
splines B; ,(0)(i = 0, N; p = 1, 2,..., n) satisfying

B (k)=0, k=0,1,.,N,
BO0) = 8,8,., BON) =8, x8,0 (g =1,2,..,n),

@31

fori=0,N,p=1,2,..,n
Consider the linear combination,
alcl(a) + -+ ancn(e) + an+1A1NC2n(0) + -+ azn/\nNCn+1(0)' (32)
Set, forj = 1,...,n,a = 1,..., 2n,

(_ 1)a~1

(1 — 2,27 Spp s -alA))
82n(A;) '

Then (32) becomes the B; ,(f) for Type I splines provided

S1ay + 0+ S1aln + AVS1Gn + o+ ANS1n2n = 05,60,.1 5

Sy + 0 A Senfly — ANSplpay — 0 — AN Sontlar, = —084,40,,2/(20),

C(0) = (33)

Sply + ot Sppdy + (— 1)1 /\lenlan+1 + (_l)n——l /\nNsnnazn
= (_1)n—1 81’.087,7:/(2”)("_1)3
ANsnay + o+ ANs1a, - Sulpa o+ Sin@en = S n0p1 s

—ANSoay — o — ANS0u, A+ Sn1@nyy + 0+ Spadan = 8;n85,0/(20),

(_1)"_1 Alenlal + -+ (_l)n—l AnNSnnan + Spilnsa + 0+ Sunda
= 8;,n0y,n/(2n)" 1. (34
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The defining equations for Type II are

Sn1ad + 0 Spiqnln + (= A1N5n+1,lan+1 + (=D AnN‘S'n+1,nan

= (—1)" 84,08 ,,n41/20)™,

N
San1@1 + t F Sonaln — AMSon1lnyy — — AMSon.nlan

= —0;,00p,20/(20) 1,

(_l)n Alen+1.1a1 + -+ (_l)n )‘nNsn+1,nan + Sn1,10n41 T

= Si.Nsm.n+1/(2n)(m,

'—AINSZn.lal _ Anstn,nan + Sop18n41 + 7+ Son,nlen

= 8i,N8p,2n/(2n)(2n_1)'

We rewrite these systems

a4

al %

-

2| %

L a,

where, in the case of Type I splines,

2.1
o= v, =w | Ol

| a,

as

-

oy

+a

[ =3
Aniy
a @
7;+2 = 0;,0% ,
Aan
[ Qnt17]

a
e = 8i.N'@Z ’

[,

S1n

S| g = wag,
Sun

85,

8 a(2m)

“* 4 Spi1.alon

(33)

(36)

G7)

(38)

(39)
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with
+1 AN
—1 AN
W = , L= (40)
(=" AN
In the case of Type II splines,
Sn+1.1 Snt1,n
a = | me Srnl g — ()WL,
San,1 San,n
8.ns1/(2n)""
Ry = (=)W Ry = (—1)* W : :
8.20/(2m) "
The Type I spline is then

N n @ N )

Y fid® =)+ 3 (7 — 3 /rd (=) Bo(®)

k=0 a=1 k=0

n ) N
+ Y (¥ - T /49N — o) Bru®. @D
a=1 k=0

The Type II spline has similar form except that « ranges from » + 1 to 2n.
We set forth the solutions of these systems for splines of degree 5 and 7
(splines of degree 3 are covered in Ref. [1]). For Type [ splines,

a4
a,

ay

[/ |
Anie

Qan

We have

= (B — OOB)™ 3,879 — 5, 10,

= (B — (B (5, yB Ry — S, 1R}

(42)

(43)

(B — O-B) = (2 — A BY2 + B),
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where 2 is the identity matrix. Inasmuch as (2 — -1%) and (2 4- Z-'¥)
commute, we have

(B — OB = H(2 + BX) — (2 — BT (44

We set
Ay Ay 0 An
-t — A'21 A_22 A'2n .
A.nl A'n2 I Arm

For convenience, we write ¢; in place of A;¥ so that, for the quintic spline,

a=[, dal* )

and
[t a0
s Jmf) Ya
Now
I 0 AgS11 — AiaSey Ay S1p — AgS
a1 o = [AuSu 12521 11512 12522
[0 - l] '[Azlsn — ApSy  AnSie — A22322]
— [1 — 2A125n - 2A12522]
— 245585 1 — 245,58,
AyoSsy  AaSs0
=9 -2 12921 12922 , 4
[Azzsm A22522] “3)
since
Ausyy + ApSy = 8.
Further,
by, ab)® a,b, a;b,
[a2b1 azbJ = (@b, + aby) [a2b1 azbz]' (46)
Thus,

TR | { AyaSs;  AyS
gy — [ _ 12521 12522
B0 [ 0 tg—l] Q.@ 2 [A22S21 A22522] z,
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so that
1 —ti— fh 0
2+ B0 = 1
T a 0 1+ 1,
12
Ly
1+ 4 ApaSs; A1aSze
X {2 —2
0 . 1 [A22S?.1 Azzszz]
1+t
1 j f 0
= L 2 — 293,
. I { }
t2
By (46),
A12 S21 A12 522 2
1+4 l+4 AyaSn AgaSan
Y2 == — ) —
= Ay P Az s “ * 1+’1+ 1+1,° “n
141,72 141, %
so that
1 —t}i t 0
(2 + BA) = {2+ 2% + 40 + -7} ! "
0 1+t
f 0
T+1
— {2+ UQ + 4o+ 80 + )} ,
2
0 1+
L5
. 2 0| 1+n
- g-@ 5 ] — 2« %s 0 t,
1+ 1,
Similarly,
1 -1/ 0 1/t; 0 1{Awesa  AieSae
— Y =
g—gia =g 1/t2] +2[7g 1/r2][,422s21 Azzsn]
1 -1 0
—_| & N FEE
0 2

Iy
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where
L 0
v _ 1 — 1 [A12s21 A12522].
0 1 AgsSy  AgaSas
1 —1t,
Thus we obtain
2 1 —t
9 _ BNl — __ 1
(2 — B W)L = (,@+1_2Bn/) At
0
1 —1¢,
using
As AgsS
o2 BY _ AwSa 22522
BY P 1 —1 + 1—1,
Hence
(B — O FB)!
(1 + 2 A12S21) L 2 AisSse b
:1 1—2a14+4/14+4 1 —2a 1441414
2 2 Agpsn 4 (1 + 2 Azzszz) L
(1 4 2 A12s2l) L 2 ApSes 1y
2 AppSn 4 (1 + 2 Azzszz) L
_ 1
(1 = 20)(1 —2B)(1 — £,)(1 — 15%)
% [tl(l — )1 — 24155)  —2t,A5p55(1 — 11y) ] (48)
=211 oSl — tits) ol — 12 (1 — 2A50890))"
We may write
_ 1 — tl 1 - tz
1l — 20 = (‘1 T, Arosn + T+1, Azzszz)a
14-¢ 1+¢
1-28=— (T_———tll— AzeS + “ITI‘Z_ A22522\)a
PRV
(1 _ 20[)(1 _ ZB) =1 + 4A12521A22S22(t1 t2) (49)

(1 — 31 — 1,9
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The quantities A, 5;; are evaluated by means of the spline characteristic
equation satisfied by A,(j = 1, 2):

1 - 26) + 6622 -+ 26)% 4+ A% = 0. (50)
The roots are A, , A, 1/A,, 1/A,, where

1A, < 1/A, < —1 <Ay < A <0
For convenience, set u; = —1/A; so that 1 < u, <y, . By (50) written as

(5 + 1) — 26(u + 1) + 64 = 0,
we have

o+ Upy = 13 4+ 47105, py + 1/p, = 13 — /105,
and hence
Vin+ 1V = V15 £105, Vi + 1V = V15 — /105,
Vin— 1V = V11 4105, Ve — 1V = V11 =105,
With
Sy = 1, 515 =1,
S = (1 — A §QA)/8,A1), 539 = (1 — Ap) 35(A0)/8,(A9),
we have
Asp = 1/(811832 — $12821) == 1/(S22 — $33)

so that

1/ A8y = 1 — (821/520)

__1—-A1_1+A2_ 14 4A -+ A2 . 1 + 107, + A2
]+A1 I—AZ 1+4A2+A22 1+10A1+A12

VUV V= UV it lm—4
‘/ﬂl_' 1/\/,“1 \/l»‘z-f‘ 1/\/#2 po+ Vps — 4

Ma+1/p, — 10

o+ 1/p, — 10

 23V154+29v7
32v2

=1

=1

=1
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Finally,
AgSg1 + Agesa = 1

and, since 4;, = —A4,,,
AysSor = — AgsSos ApSy1 = —A1oSn = AgaSez — 1.

For Type II splines,
(1 — AP 8(A) (1 — Ag)* 3,(Ay)

_ [Sa Ss] 84(A) 34(A2)
7= [S: s::] N (1 4_ ;‘1)3 (1 i ;2)3 ’

34(A) 04(A2)

so that
(1 - A2) 84()\1) _ (1 + }\2) 34()\1)

ot — [Am Aaz] — 1 (1 — A (I — A

Ag Apd 20— ) | A—2A)8,Qy) (14 24) 8,y
(I — A (1 — A

Here we find

(B — OB
1
(1= 2091 = 281 — 1)1 — 1)

) [tl(l — (1 — 243354)  —28,A35855(1 — Lity) ] 1)
—2t1 Agasu(l — tits) 11 — 1,51 — 24,4554))

with
L= 20 = — (5 dusu + i Awsi),
[—28= — (2 1 +’1 A 41+—1ir2~A42s42)-
Now

I _0+MA -0 -0 =2+ _,  VI5-VT
AgSan 14+ 2D —Ay) 23 )
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Also

AsaSgy + AuaSsss = 1,

Ago/Ay = —(13 — \,ﬂ"ﬁ)g)/g, Sq/Ss = —(3 V15 + \/7)/8 V2.

For the Type I spline of degree 7, a similar analysis gives

1+1/n O 0
2+ B = 0 1+1t, 0 |{2—2m,
0 0 1+ 1ty

where

/(1 + 1) 0 0 AypSyy  AvgSse A12523
U = 0 (1 + &) 0 © | A2eSy AgeSze  AzsSss|,

0 0 (L + 1)

AgpSay  AzsSon  AgaSas

U = o,

A12591 Agg5a0 As32S25
+ +

YT, T T4
and
1 — 1/ 0 0
2 — B = 0 1 — 1/t 0 {2 —2v7,
0 0 1 — 1/t,
where
/(1 — 1) 0 0 Ay3S2;  A1252  AyaSay
v = 0 1/(1 — 1) 0 | A5y A2 ApaSa
0 0 /(1 — ty) AseSa1  AseSze  AzaSa
2= By,

_ Ayesy As2S22 Aj3sSes
ﬁ*l—r1+1—t2+l~t3'

|
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Thus

(B0 — O B)*

(1 + 2 AyoSa ) 4L 2 Ayasye Iy
:l 2 Aoposn 4 (1 + 2 AgsSes ) L
2 AspS1 4L 2 AgeSss 1y
1—20 14+t 144 1 —2x¢ 14t 118

2 AipSes 13
1 —2a 146, 1+10
2 AgsSes 13
— 2 it61+n

(1 + 2 As32S3 ) I3

[—2a 1+t,) 1T+14
(1 + 2 A195n ) 4L 2 AyaS2s Iy
2 AgeSn 4 2 AseS2n ty
+ 2811, 1—1 (1+1—2B1—t2)1——t2
2 Agsn 4 2 AgpSss 1y
1—281—131—1, 1—-2B1—¢t1—1t,

2 AypSes 13 \
T —281-—t,1—1, '
2 AgaSes 13 .

2 AgSys I3
(1+ 1—28 1—t3) 1 —t,

1
(1 — 20)(1 — 28)

t AooSeoAgaSas(ts — 1,)2
T [t 2t + 4 St R
—25 43950 (ts — t)(ts — 1)

1 -1 — 1d) [1 T a2 s A”sz'*‘]’
—24; 43950

[1 ity 2 (£ — 1)t — 1) A22S22],

(I =11 — 8% 1 —2?
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_._2t2A12522 " (t3 — tl)(t3 _ t2)
(1 — 31 — 87 [l —hly 12 1 — 12 A32s23]!

Iy _ Ay5591 459523t — 1)?
1 — 1,2 [l 24550 + 4 (1 —t3(1 — 1,? ]’

— )ty — 13)
12_ t112 2 A12521],

1 — ity + 2 (

— 21543055 [
(1 — 651 —t5d)

— 2134108, ty — ), — 1
3212523 [ ity + 2 (7 )t ) A22s22]

(1 — 31 — 18 1 — 12
— 213429853 (t, — 1)t — 13)
T [t T2 Ausa] [ (D)

Is _ A13S1 49950t — 1)?
l _ 132 [1 2A32323 + 4 (1 - t12)(1 - ’22) ]
Here
1 —1¢ 1—
1 — 20 = — [ﬁti- AysSoy + 5 1 + 5 A22522 + — 111, Aazszs]
14-¢ 14t t
1 —28= — [ = 1 A12521 + — =2 A22 Soe + L+ : Aszszs]
and

N __ _ AyoSpAsgSaa(ty — 1) A9 AgeSes(ty — 13)°
(=290 = 28) = 1+ 4 [ TSR+ S
AzsSasdsgSas(ty — 15)°
)

The matrix 7 is

1 1 1

(I —A)0A) (1 —2A)8A) (I — A) 55(Ay)
8e(A1) Be(A2) 86(2s)

(1 —AP8,()  (1—A)8,(d) (1 — Ag)®84(A9)
8a(Ar) 86(A2) 3e(2s)

Set
(1= 2) 80 ‘ :
R; = —3_0(—)‘—1‘ a- )‘a‘—-l)z 84(Ai—1) a- ’\a'+1)2 84(’\i+1)

o S¢(Aj-1) Sa(Aj11)

(=123 (53)
where Ay is A; and Ay is A .
Then the determinant of &7 is

IOZI=R1+R2+R3,
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and

1/A43550 = 1 + (Ry/Ry) + (Ry/Ry),
1/Az822 = 1 -+ (Ry/Ry) -+ (Ry/Ry),
1/Agp855 = 1 + (Ry/Ry) + (Ro/Ry).

We ﬁnd that, Wlth 20_, = ([L] "‘}— ]/’L,) = - ()\7 + 1/)\]),

R _ _\/(02+1)(91—1) 0,2 — 130, 4 16 6, — 6,
R 6, + )8, — 1) 6,5 — 136, + 16 0, — 6,

. 46,0, — 11(6, +- 6;) + 64
) 40203 - 11(02 + 03) + 64 ?

and similarly for R;/R; and R,/R, . Further,

A 6,2 — 286, 4- 61 8, — 0, 40,0, — 11(8, - 8,) + 64

Ay, 02— 280, + 61 0,— 0, 46,0, — 11(6; + 6,) + 64 °

with a similar expression for A;,/A4,, . Finally,

Su _ \/(91 + D@ — 1) (6,® — 136, + 16)(0,* — 286, + 61)
522 - (01 i 1)(92 + 1) (022 - 1302 + 16)(012 - 2801 + 61) >

with a similar expression for s,3/550 . Thus the terms A80; (i, j = 1, 2, 3) may
be determined.

For Type 1I splines of degree 7, the inverse matrix (#-10/ — O-1#)! is
obtained by replacing A;,8,; by 4;.5 85 5 in (52). The matrix ¢/ is here

(= AP 8A) (1= A8 (1 — Ag)® 34(Ay)

8e(A1) 8s(A2) S¢(As)
a— | A=A 8A) (1 —2)8() (1 — A 8
S6(Ar) 86(A2) 8(2a) )
=2y (1 —2A)° 1 —2)°
Ss(A0) B6(22) 35(Ra)

The quantity R; in (53) becomes

(4 — A8y (1= 25,0)° 83(04)

2 — (L= 405,00 50 5s0)
, 5:%) (1— Ay (1 — Apy)?
5s00-1) 5:0m)

640/6/4-8



464 NILSON
Here

Rz/R1 = *[(022 “ 1)/(912 - 1)]1/2 [(63 - 01)/(03 - 62)],

A [@—D@+ 1) 6,+1 6,— 6, 6,2 — 286, + 6l
A52 (91 + 1)(02 - ]) 01 "I‘ 1 03 - 01 922 - 280-_)_ + 61 ’

SsifSse = (052 — 280, + 61)(0, + 1)/(6,2 — 286, -+ 61)(0, + 1)

The following table 1 is included to facilitate the computation of the
polynomial splines on uniform meshes.

TABLE 1
Degree (2n + 1) Roots A,(j = 1,...,n) —8, = @, + A7H)2
3 —0.267949 2.0
5 —0.043096 11.623475
—0.430575 1.376525
7 —0.009148 54.657179
—0.122555 4.141091
—0.535280 1.201730
9 —0.002121 235.704814
—0.043223 11.589632
—0.201751 2.579184
—0.607997 1.126371
11 —0.000511 979.321811
—0.016670 30.003007
—0.089760 5.615315
—0.272180 1.973107
—0.661266 1.086758
13 —0.000125 3996.799003
—0.006738 74.209020
—0.043214 11.591967
—0.138901 3.669134
~—0.333108 1.667572
—0.701894 1.063305
15 —0.000031 16162.566757
—0.002802 178.499424
—0.021752 22.997199
—0.075905 6.624909
—0.186520 2.773936
—-0.385586 1.489522

—0.733873 1.048254
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